The orthonormal version of the Method of Integral Relations (MIR) was applied to solve for a two-dimensional incompressible turbulent boundary layer. The flow was assumed to be nonseparating. Flows with favorable, unfavorable, and zero pressure gradient were considered, and comparisons made with available experimental data. In general, the method predicted very well the experimental results for flows with favorable or zero pressure gradient; for flows with unfavorable pressure gradient, it predicted the experimental data well only up to a certain distance from the initial station. This result 1S due to the flow not being in equilibrium beyond that distance. Finally, the scheme was shown to be efficient in obtaining numerical solutions.
Introduction
In the vast body of literature dealing with turbulent boundary layer calculations, two major methods have been employed: the so-called integral method and the differential method. In this report, we investigate a particular solution procedure for the two-dimensional incompressible turbulent boundary layer via the Method of Integral Relations (MIR). In particular, the efficiency and versatility of this method, as applied to turbulent boundary layer calculations, is studied.
Formulation
The method of integral relations has previously been applied to twodimensional turbulent boundary layer calculations by Abbott and Deiwert [1] and by Murphy and Rose [2] at the 1968 Stanford Conference on turbulent boundary layer calculations. Unfortunately, it was found inferior to other prediction methods presented at the same conference. Here, we shall reformulate the problem by using the modified version of MIR developed by Fletcher and Holt [3] . As a result, most of the shortcomings indicated by Murphy and Rose are overcome.
We start with the two-dimensional incompressible boundary layer equations in the usual notations:
(1) where u and v are the mean velocity components in the x and y directions respectively and p is the mean pressure; p is the density of the fluid and v its kinematic viscosity. The eddy viscosity, s, is defined as " au -p u v ::: Eay (3) where -p U'V' 1S the so-called Reynolds stress. The following nondimensional variables are chosen. (4 ) where 1 and u are the characteristic length and velocity scales respectively, 00 U 1S the velocity at the outer boundary layer edge, and the Reynolds number e Re 1S defined as u 1 00 (5) The pressure gradient is related to the outer edge velocity by Bernoulli's equation:
Using (4) and (6) , the original governing equations (1) and (2) (9) where N is the order of approximation. derivative of f. with respect to U, add and integrate from y "" 0 to Y~00:
Change the variable of integration from y to U and define Z as:
dY and equation (0) can be written as:
Equation (12) is the basic integral relation in the present analysis.
We now further define If i ias a set of orthonormal functions constructed from the Dorodnitsyn functions (l-U)k, k=1,2,3 ••• by the Gram-Schmidt procedure [4] . Hence:
with 0kj being the Kronecker delta. 
1 U e and
which can be integrated subject to appropriate initial conditions at some station x = x .. We shall discuss the initial conditions later.
1
The above formulation 1S similar to that in a laminar boundary layer (Dorodnitsyn, [5J) . Apart from the difficulty of evaluating the integral
case.
1.n which some kind of eddy viscosity model for E has to be used, one problem 1S that the approximation of Z given by (15) is not accurate unless N is rather large. This is mainly due to the highly inflected velocity profile in a turbulent boundary layer as opposed to the smooth profile in the laminar Thus, Murphy and Rose [2 ] pointed out that the usual sequence (l-U)j, j=1,2, .
• is not quite satisfactory, even when a four-parameter profile is used (i.e., N=4). Instead, they judiciously assigned much larger exponents to the factor (l-U) and determined in the course of their numerical solution the optimum values of those exponents. This of course destroys the completeness requirement of the original method of integral relations, and it does not guarantee in principle that the approximation will converge to the exact solution if the order of approximation tends to infinity. The sole purpose of their scheme is, to our knowledge, to better represent the Z profile in a turbulent boundary layer while using as few parameters as possible, since the traditional method of integral relations is quite impractical when too many parameters are used. However, the present orthonormal version circumvents this "high order" difficulty and enables one to preserve the completeness requirement while still using as many parameters as possible to represent faithfully the Z profile. Indeed, it has been applied to the two-dimensional laminar boundary layer to as high as N=15 with little computer expense [3J.
It is therefore believed that the present formulation would be efficient even for large values of N.
Turbulence Modeling
In order to calculate the last integrals in equations (16a) The wall shear stress, lW' is given by:
here the subscript°denotes the wall.
(20)
Experimental data shows that the wall region extends to where the nondimensional velocity U assumes a value of roughly 0.7 (Bradshmv, [ 9] ). In general, we denote this value by U. The determination of U will be dism m cussed later. Hence the last integral in equation (16a) (c) Displacement thickness, 0*,~s our third choice of data. In (a) and (b), we specify the boundary conditions at the wall and at the outer edge of the layer. By matching the displacement thickness, we expect to get a correct global behavior of the velocity profile~n the boundary layer.
It was found that using the above three conditions (i.e., C f , 0, 0*, for N == 3) to compute the flow over a flat plate, a very satisfactory result was obtained. In the case of higher approximations, more data are needed.
Generally, a trial-and-error procedure is needed to choose other "effective" data. However, one can pinpoint these data after several attempts by noting that good initial conditions should behave as jb 0 1 > 1 bll > I b21 ••• in equation
Os) . Since U o at the wall, equation (IS) becomes:
In the course of constructing orthonormal functions from (l-U)k by the GramSchmidt procedure, we found that
Intuitively, the contribution to Z from the subsequent term in equation (29) should become smaller as the order of approximation gets higher.
Therefore, as noted, we expect that good initial conditions should yield
Results and Discussion
Three kinds of flow are tested by the present formulation: t The identity number refers to that used in Reference 10. No attempt was made to use high-order approximations in this case.
Conclusion
The application of the orthonormal version of the Method of Integral
Relations to turbulent boundary layers has been examined. The present method circumvents the "high order" difficulty and preserves the completeness requirement.
Three sample runs have been given. Results are shown to be in good agreement with experimental data. In addition, solutions for these flows require only 8 sec on a CDC-7600 computer when N = 3 or 4. This is very rapid.
A manner of determining the initial conditions from the experimental data at the initial station has been suggested and has proven to be effective.
A shortcoming of this method, however, must be mentioned. It appears difficult to find initial conditions when we use higher-order approximations, 
